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INTERIOR BUBBLING SOLUTIONS FOR THE CRITICAL
LIN-NI-TAKAGI PROBLEM IN DIMENSION 3
MANUEL DEL PINO, MONICA MUSSO, CARLOS ROMA´N, AND JUNCHENG WEI
Abstract. We consider the problem of finding positive solutions of the prob-
lem ∆u − λu + u5 = 0 in a bounded, smooth domain Ω in R3, under zero
Neumann boundary conditions. Here λ is a positive number. We analyze the
role of Green’s function of −∆+λ in the presence of solutions exhibiting single
bubbling behavior at one point of the domain when λ is regarded as a param-
eter. As a special case of our results, we find and characterize a positive value
λ∗ such that if λ − λ∗ > 0 is sufficiently small, then this problem is solvable
by a solution uλ which blows-up by bubbling at a certain interior point of Ω
as λ ↓ λ∗.
1. Introduction
Let Ω be a bounded, smooth domain in Rn. This paper deals with the boundary
value problem
∆u− λu+ up = 0 in Ω,
u > 0 in Ω, (1.1)
∂u
∂ν
= 0 on ∂Ω.
where p > 1. A large literature has been devoted to this problem when 1 ≤ p ≤ n+2n−2
for asymptotic values of the parameter λ. A very interesting feature of this problem
is the presence of families of solutions uλ with point concentration phenomena. This
means solutions that exhibit peaks of concentration around one or more points of
Ω or ∂Ω, while being very small elsewhere. For 1 < p < n+2n−2 , solutions with this
feature around points of the boundary where first discovered by Lin, Ni and Takagi
in [19] as λ→ +∞. It is found in [19, 21, 23] that a mountain pass, or least energy
positive solution uλ of Problem (1.1) for λ→ +∞ must look like
uλ(x) ∼ λ 1p−1V (λ 12 (x− xλ))
where V is the unique positive radial solution to
∆V − V + V p = 0, lim
|y|→∞
V (y) = 0 in RN (1.2)
and xλ ∈ ∂Ω approaches a point of maximum mean curvature of ∂Ω. See [8] for a
short proof of this fact. Higher energy solutions with this asymptotic profile near
one or several points of the boundary or the interior of Ω have been constructed and
analyzed in many works, see for instance [6, 9, 14, 17, 20] and their references. In
particular, solutions with any given number of interior and boundary concentration
points are known to exist as λ→ +∞.
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The case of the critical exponent p = n+2n−2 is in fact quite different. In particular,
no positive solutions of (1.2) exist. In that situation solutions uλ of (1.1) do exist
for sufficiently large values of λ with concentration now in the form
uλ(x) ∼ µ−
n−2
2
λ U
(
µ−1λ (x− xλ)
)
(1.3)
where µλ = o(λ
− 12 )→ 0 as λ→ +∞. Here
U(x) = αn
(
1
1 + |y|2
)n−2
2
, αn = (n(n− 2))
n−2
4 ,
is the standard bubble, which up to scalings and translations, is the unique positive
solution of the Yamabe equation
∆U + U
n+2
n−2 = 0 in RN . (1.4)
Solutions with boundary bubbling have been built and their dimension-dependent
bubbling rates µλ analyzed in various works, see [1, 2, 13, 15, 16, 22, 27, 28, 30]
and references therein. Boundary bubbling by small perturbations of the exponent
p above and below the critical exponent has been found in [11].
Unlike the subcritical range, for p = n+2n−2 solutions with interior bubbling points
as λ→ +∞ are harder to be found. They do not exist for n = 3 or n ≥ 7, [7, 24, 25],
and in all dimensions interior bubbling can only coexist with boundary bubbling
[25]. To be noticed is that the constant function uλ := λ
1
p−1 represents a trivial
solution to Problem (1.1). A compactness argument yields that this constant is the
unique solution of (1.1) for 1 < p < n+2n−2 for all sufficiently small λ, see [19]. The
Lin-Ni conjecture, raised in [18] is that this is also the case for p = n+2n−2 . The issue
turns out to be quite subtle. In [3, 4] it is found that radial nontrivial solutions for all
small λ > 0 exist when Ω is a ball in dimensions n = 4, 5, 6, while no radial solutions
are present for small λ for n = 3 or n ≥ 7. For a general convex domain, the Lin-Ni
conjecture is true in dimension n = 3 [29, 31]. See [13] for the extension to the
mean convex case and related references. In [26] solutions with multiple interior
bubbling points when λ → 0+ were found when n = 5, in particular showing that
Lin-Ni’s conjecture fails in arbitrary domains in this dimension. This result is the
only example present in the literature of its type. The authors conjecture that a
similar result should be present for n = 4, 6.
In the case n = 3 interior bubbling is not possible if λ→ +∞ or if λ→ 0+, for
instance in a convex domain. In this paper we will show a new phenomenon, which
is the presence of a solution uλ with interior bubbling for values of λ near a number
0 < λ∗(Ω) < +∞ which can be explicitly characterized. Thus, in what remains of
this paper we consider the critical problem
∆u− λu+ u5 = 0 in Ω,
u > 0 in Ω, (1.5)
∂u
∂ν
= 0 on ∂Ω.
where Ω ⊂ R3 is smooth and bounded. We will prove the following result.
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Theorem 1. There exists a number 0 < λ∗ < +∞ such that for all λ > λ∗ with
λ − λ∗ sufficiently small, a nontrivial solution uλ of Problem (1.5) exists, with an
asymptotic profile as λ→ λ+∗ of the form
uλ(x) = 3
1
4
(
µλ
µ2λ + |x− xλ|2
) 1
2
+O(µ
1
2
λ ) in Ω,
where µλ = O(λ− λ∗) and the point xλ ∈ Ω stays uniformly away from ∂Ω.
The number λ∗ and the asymptotic location of the points xλ can be characterized
in the following way. For λ > 0 we let Gλ(x, y) be the Green function of the problem
∆xGλ(x, y)− λGλ(x, y) + δy(x) = 0 in Ω
∂Gλ
∂ν
(x, y) = 0 on ∂Ω
so that, by definition
Gλ(x, y) = Γ(x, y)−Hλ(x, y) (1.6)
where Γ(x, y) = 14pi|x−y| and Hλ, the regular part of Gλ, satisfies
∆xHλ(x, y)− λHλ(x, y)− 1
4pi|x− y| = 0 in Ω (1.7)
∂Hλ
∂ν
(x, y) =
∂
∂ν
1
4pi|x− y| on ∂Ω
Let us consider the diagonal of the regular part (or Robin’s function)
gλ(x) := Hλ(x, x), x ∈ Ω. (1.8)
Then we have (see Lemma 2.2) gλ(x) → −∞ as x → ∂Ω. The number λ∗(Ω) in
Theorem 1 is characterized as
λ∗(Ω) := inf{λ > 0 / sup
x∈Ω
gλ(x) < 0}. (1.9)
In addition, we have that the points xλ ∈ Ω are such that
lim
λ↓λ∗
gλ(xλ) = sup
Ω
gλ∗ = 0. (1.10)
As we will see in §2, in the ball Ω = B(0, 1), the number λ∗ is the unique number
λ such that √
λ− 1√
λ+ 1
exp (2
√
λ) = 1,
so that λ∗ ≈ 1.43923.
It is worthwhile to emphasize the connection between the number λ∗ and the so
called Brezis-Nirenberg number λ˜∗(Ω) > 0 given as the least value λ such that for
all λ˜∗ < λ < λ1 where λ1 is the first Dirichlet eigenvalue of the Laplacian, there
exists a least energy solution of the 3d-Brezis-Nirenberg problem [5]
∆u+ λu+ u5 = 0 in Ω,
u > 0 in Ω, (1.11)
u = 0 on ∂Ω.
A parallel characterization of the number λ˜∗ in terms of a Dirichlet Green’s function
has been established in [12] and its role in bubbling phenomena further explored in
[10]. It is important to remark that the topological nature of the solution we find is
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not that of a least energy, mountain pass type solution (which is actually just the
constant for small λ). In fact the construction formally yields that its Morse index
is 4.
Our result can be depicted (also formally) in Figure 1 as a bifurcation diagram
from the branch of constant solutions u = uλ. At least in the radial case, what our
result suggests is that the bifurcation branch which stems from the trivial solutions
at the value λ = λ2/4, where λ2 is the first nonzero radial eigenvalue of −∆ under
zero Neumann boundary conditions in the unit ball, goes left and ends at λ = λ∗.
In dimensions n = 4, 5, 6 the branch ends at λ = 0 while for n ≥ 7 it blows up to
the right.
Figure 1. Bifurcation diagram for solutions of Problem 1.1, p = n+2n−2
Theorem 1, with the additional properties will be found a consequence of a more
general result, Theorem 2 below, which concerns critical points with value zero for
the function gλ0 at a value λ0 > 0. We state this result and find Theorem 1 as
a corollary in §2, as a consequence of general properties of the functions gλ. The
remaining sections will be devoted to the proof of Theorem 2.
2. Properties of gλ and statement of the main result
Let gλ(x) be the function defined in (1.8). Our main result states that an interior
bubbling solution is present as λ ↓ λ0, whenever gλ0 has either a local minimum or
a nondegenerate critical point with value 0.
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Theorem 2. Let us assume that for a number λ0 > 0, one of the following two
situations holds.
(a) There is an open subset D of Ω such that
0 = sup
D
gλ0 > sup
∂D
gλ0 . (2.1)
(b) There is a point x0 ∈ Ω such that gλ0(x0) = 0, ∇gλ0(x0) = 0 and D2xgλ0(x0)
is non-singular.
Then for all λ > λ0 sufficiently close to λ0 there exists a solution uλ of Problem
(1.1) of the form
uλ(x) = 3
1/4
(
µλ
µ2λ + |x− xλ|2
) 1
2
+O(µ
1
2
λ ), µλ = γ
gλ(xλ)
λ
> 0 (2.2)
for some γ > 0. Here xλ ∈ D in case (a) holds and xλ → x0 if (b) holds. Besides,
for certain positive numbers α, β we have that
α(λ− λ0) ≤ gλ(xλ) ≤ β(λ− λ0). (2.3)
Of course, a natural question is whether or not values λ0 with the above char-
acteristic do exist. We shall prove that the number λ∗ given by (1.9) is indeed
positive and finite, and that λ0 = λ∗ satisfies (2.1). That indeed proves Theorem 1
as a corollary of Theorem 2.
Implicit in condition (b) is the fact that gλ0(x) is a smooth function and in
inequality (2.3) the fact that gλ increases with λ. We have the validity of the
following result.
In this section we establish some properties of the function gλ(x) defined in (1.8).
We begin by proving that gλ(x) is a smooth function, which is strictly increasing
in λ.
Lemma 2.1. The function gλ is of class C
∞(Ω). Furthermore, the function ∂gλ∂λ is
well defined, smooth and strictly positive in Ω. Its derivatives depend continuously
on λ.
Proof. We will show that gλ ∈ Ck, for any k. Fix x ∈ Ω. Let h1,λ be the function
defined in Ω× Ω by the relation
Hλ(x, y) = β1 |x− y|+ h1,λ(x, y) ,
where β1 = − λ8pi . Then h1,λ satisfies the boundary value problem{ −∆yh1,λ + λh1,λ = −λβ1|x− y| in Ω,
∂h1,λ(x,y)
∂ν =
∂Γ(x−y)
∂ν − β1 ∂|x−y|∂ν on ∂Ω.
Elliptic regularity then yields that h1,λ(x, ·) ∈ C2(Ω). Its derivatives are clearly
continuous as functions of the joint variable. Let us observe that the function
Hλ(x, y) is symmetric, thus so is h1, and then h1,λ(·, y) is also of class C2 with
derivatives jointly continuous. It follows that h1,λ(x, y) is a function of class C
2(Ω×
Ω). Iterating this procedure, we get that, for any k
Hλ(x, y) =
k∑
j=1
βj |x− y|2j−1 + hk,λ(x, y)
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with βj+1 = −λβj/((2j + 1)(2j + 2)) and hk,λ solution of the boundary value
problem{
−∆yhk,λ + λhk,λ = −λβk|x− y|2k−1 in Ω,
∂hk,λ(x,y)
∂ν =
∂Γ(x−y)
∂ν −
∑k
j=1 βj
∂|x−y|2j−1
∂ν on ∂Ω.
We may remark that −∆yhk+1,λ + λhk,λ = 0 in Ω . Elliptic regularity then yields
that hk,λ, is a function of class C
k+1(Ω×Ω). Let us observe now that by definition
of gλ we have gλ(x) = hk,λ(x, x), and this concludes the proof of the first part of
the lemma.
For a fixed given x ∈ Ω, consider now the unique solution F (y) of
−∆yF + λF = G(x, y) y ∈ Ω, ∂F
∂ν
= 0 y ∈ ∂Ω.
Elliptic regularity yields that F is at least of class C0,α. A convergence argument
shows that actually F (y) = ∂Hλ∂λ (x, y) . Since λ > 0 and G is positive in Ω, using
F− as a test function we get that F− = 0 in Ω, thus F > 0. Hence, in particular
∂gλ
∂λ (x) = F (x) > 0 . Arguing as before, this function turns out to be smooth
in x. The resulting expansions easily provide the continuous dependence in λ of its
derivatives in the x-variable.

Lemma 2.2. For each fixed λ > 0 we have that
gλ(x)→ −∞, as x→ ∂Ω. (2.4)
We define
Mλ = sup
x∈Ω
gλ(x).
Then
Mλ → −∞ as λ→ 0+, (2.5)
and
Mλ > 0 as λ→ +∞. (2.6)
Proof. We prove first (2.4). Let x ∈ Ω be such that d := dist(x, ∂Ω) is small. Then
there exists a unique x¯ ∈ ∂Ω so that d = |x− x¯|. It is not restrictive to assume that
x¯ = 0 and that the outer normal at x¯ to ∂Ω points toward the x3-direction. Let
x∗ be the reflexion point, namely x∗ = (0, 0,−d) and consider H∗(y, x) = 14pi|y−x∗| .
The function y → H∗(y, x) solves
−∆yφ+ λφ = λΓ(y − x∗), y ∈ Ω, ∂φ
∂ν
=
∂Γ
∂ν
(y − x∗), y ∈ ∂Ω.
Observe now that
Γ(y − x∗) = 1
4pi|x− y| +
1
4pi
[ |y − x| − |y − x∗|
|y − x| |y − x∗|
]
=
1
4pi|x− y| +O(1),
with O(1) uniformly bounded, as d → 0, for y ∈ ∂Ω. This gives that Hλ(y, x) =
−H∗(y, x) +O(1), as d→ 0. Thus
Hλ(x, x) = − 1
4pidist(x, ∂Ω)
+O(1),
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as d→ 0. So we conclude the validity of (2.4).
Next we prove (2.5) and (2.6).
Proof of (2.5). Let p(x) := 1|Ω|
∫
Ω
Hλ(x, y) dy. Observe that
p(x) =
1
|Ω|
∫
Ω
Γ(x− y) dy + 1
λ|Ω|
∫
Ω
∆Hλ(x, y) dy =
1
|Ω|
∫
Ω
Γ(x− y) dy + 1
λ|Ω|
∫
∂Ω
∂Hλ
∂ν
dσ(y) =
1
|Ω|
∫
Ω
Γ(x− y) dy + 1
λ|Ω|
∫
∂Ω
∂Γ
∂ν
(x− y) dσ(y) = − a
λ|Ω| + p0(x)
where a is a positive constant and p0(x) is a bounded function. Define now H0(x, y)
to be the bounded solution to
−∆H0 = a|Ω| ,
∂H0
∂ν
=
∂Γ
∂ν
(x− y) y ∈ ∂Ω,
∫
Ω
H0 = 0.
We write
Hλ(x, y) = − a
λ|Ω| + p0(x)︸ ︷︷ ︸
=p(x)
+H0(x, y) + Hˆ(x, y). (2.7)
By definition, Hˆ solves
−∆Hˆ + λHˆ = λ [Γ(x− y)−H0(x, y) + p0(x)] , ∂Hˆ
∂ν
= 0 on ∂Ω,
∫
Ω
Hˆ = 0.
Thus we have that Hˆ = O(1), as λ→ 0. Taking this into account, from decompo-
sition (2.7) we conclude that
max
x∈Ω
gλ(x) := max
x∈Ω
Hλ(x, x) ≤ − a
λ|Ω| +O(1)→ −∞, as λ→ 0.
This proves (2.5).
Proof of (2.6). Assume, by contradiction, that for some sequence λn → ∞, as
n → ∞, one has maxx∈Ω gλn(x) ≤ − 1n . Fix x0 ∈ Ω, so that dist (x0, ∂Ω) =
maxx∈Ω dist(x, ∂Ω). Thus we have that −∆yHλn(y, x0) → ∞, as n → ∞. But on
the other hand, a direct application of divergence theorem gives∫
Ω
(−∆yHλn(y, x0)) dy = −
∫
∂Ω
∂Γ
∂ν
(x0 − y)dσ(y).
The left side of the above identity converges to ∞ as n → ∞, while the right and
side is bounded. Thus we reach a contradiction, and (2.6) is proved.

The above considerations yield Theorem 1 as a consequence of Theorem 2.
Corollary 2.1. The number λ∗ given by (1.9) is well-defined and 0 < λ∗ < +∞.
Besides, the statement of Theorem 1 holds true.
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Proof. From Lemma 2.1, and relations (2.5) and (2.6), we deduce that the number
λ∗ is finite and positive. Besides, by its definition and the continuity of gλ, it clearly
follows that
sup
x∈Ω
gλ∗(x) = 0.
and that there is an open set D with compact closure inside Ω such that
sup
∂D
gλ∗ < supD
gλ∗ = 0.
Hence, Theorem 1 follows from Theorem 2. 
As it was stated in the introduction, the number λ∗(Ω) can be explicitly com-
puted in the case Ω = B(0, 1) as the following Lemma shows.
Lemma 2.3. Let Ω = B(0, 1). The number λ∗ defined in (1.9) is the unique
solution of the equation √
λ− 1√
λ+ 1
exp (2
√
λ) = 1,
so that λ∗ ≈ 1.43923.
Proof. The minimizer of Hλ(x, x) is attained at x = 0. We compute the value
Hλ(0, 0) for λ > 0. The function Gλ(0, y) is radially symmetric and it satisfies the
equation
−∆yGλ + λGλ = δ0 y ∈ B(0, 1), ∂rGλ(0, y) = 0 y ∈ ∂B(0, 1). (2.8)
Letting r = |y|, we have
Gλ(0, y) =
1
4pir
e−√λr + 2 sinh(√λr)
1 +
√
λ−1√
λ+1
exp (2
√
λ)
 . (2.9)
Indeed, e
√
λr
r and
e−
√
λr
r are radial solutions to ∆φ+λφ = 0 for |y| > 0. If we define
GA(r) = A
r
[
e
√
λr + e2
√
λ
√
λ− 1√
λ+ 1
e−
√
λr
]
,
where A is a constant, then ∂rGA = 0 on ∂B(0, 1). Since lim|y|→0 |y|Gλ(0, y) = 14pi ,
if we choose
Aλ =
1
4pi
1
1 +
√
λ−1√
λ+1
exp (2
√
λ)
then GAλ satisfies (2.8). By uniqueness GAλ = Gλ(0, y), and we get (2.9). Thus
Hλ(0, y) =
1
4pir
(1− e−√λr)− 2 sinh(√λr)
1 +
√
λ−1√
λ+1
exp (2
√
λ)
 ,
and
gλ(0) = Hλ(0, 0) =
1
4pi
√λ− 2√λ
1 +
√
λ−1√
λ+1
exp 2
√
λ
 .
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We deduce that λ∗ is the unique value such that gλ∗(0) = 0, therefore λ∗ satisfies√
λ− 1√
λ+ 1
exp (2
√
λ) = 1.
Then λ∗ ≈ 1.43923. 
The rest of this paper will be devoted to the proof of Theorem 2. The proof
consists of the construction of a suitable first approximation of a bubbling solution
for λ slightly above λ0. The problem is then reduced, via a finite dimensional
variational reduction procedure, to one in which the variables are the location of
the bubbling point and the corresponding scaling parameter. That problem can be
solved thanks to the assumptions made. We carry out this procedure in Sections
§3-§7.
The rest of this work will be devoted to the proof of Theorem 2. In Section 3 we
define an approximate solution Uζ,µ, for any given point ζ ∈ Ω, and any positive
number µ, and we compute its energy Eλ(Uζ,µ), where
Eλ(u) =
1
2
∫
Ω
|∇u|2 + λ
2
∫
Ω
|u|2 − 1
6
∫
Ω
|u|6. (2.10)
In Section 4 we establish that in the situation of Theorem 2 there are critical points
of Eλ(Uµ,ζ) which persist under properly small perturbations of the functional.
Observe now that, for ε > 0, if we consider the transformation
u(x) =
1
ε1/2
v
(x
ε
)
then v solves the problem{ −∆v + ε2λv − v5 = 0 v > 0 in Ωε,
∂v
∂ν = 0 on ∂Ωε,
(2.11)
where Ωε = ε
−1Ω. We will look for a solution of (2.11) of the form v = V + φ,
where V is defined as Uζ,µ(x) =
1
ε1/2
V
(
x
ε
)
, and φ is a smaller perturtation. In
Section 5 we discuss a linear problem that will be useful to find the perturbation
φ. This is done in Section 6. We conclude our construction in the final argument,
in Section 7.
3. Energy expansion
We fix a point ζ ∈ Ω and a positive number µ. We denote in what follows
wζ,µ(x) = 3
1/4 µ
1/2√
µ2 + |x− ζ|2
which correspond to all positive solutions of the problem
−∆w − w5 = 0, in R3.
We define piζ,µ(x) to be the unique solution of the problem{ −∆piζ,µ + λpiζ,µ = −λwζ,µ in Ω,
∂piζ,µ
∂ν = −∂wζ,µ∂ν on ∂Ω.
(3.1)
We consider as a first approximation of the solution of (1.1) one of the form
Uζ,µ = wζ,µ + piζ,µ. (3.2)
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Observe that Uζ,µ satisfies the problem{ −∆Uζ,µ + λUζ,µ = w5ζ,µ in Ω,
∂Uζ,µ
∂ν = 0 on ∂Ω.
(3.3)
Let us also observe that∫
Ω
w5ζ,µ = Cµ
1/2 (1 + o(1)) , as µ→ 0,
which implies that
w5ζ,µ∫
Ω
w5ζ,µ
→ 0, as µ→ 0, uniformly on compacts subsets of Ω\{ζ}.
It follows that on each of this subsets
Uζ,µ(x) =
(∫
Ω
w5ζ,µ
)
G(x, ζ) = Cµ1/2 (1 + o(1))Gλ(x, ζ) (3.4)
where Gλ(x, ζ) denotes the Green’s function defined in (1.6).
Using the transformation Uζ,µ(x) =
1
ε1/2
V
(
x
ε
)
we see that V solves the problem{ −∆V + ε2λV − w5ζ′,µ′ = 0 in Ωε,
∂V
∂ν = 0 on ∂Ωε,
where wζ′,µ′(x) = 3
1/4 µ
′1/2√
µ′2+|x−ζ′|2 and ζ
′ = ε−1ζ, µ′ = ε−1µ.
The following lemma establishes the relationship between the functions piζ,µ(x)
and the regular part of the Green’s function Gλ(ζ, x). Let us consider the (unique)
radial solution D0(z) of the problem in entire space, −∆D0 = λ31/4
[
1√
1+|z|2 −
1
|z|
]
in R3,
D0 → 0 as |z| → ∞.
D0(z) is a C0,1 function with D0(z) ∼ |z|−1 log |z|, as |z| → ∞.
Lemma 3.1. For any σ > 0 we have the validity of the following expansion as
µ→ 0
µ−1/2piµ,ζ(x) = −4pi31/4Hλ(ζ, x)− µD0
(
x− ζ
µ
)
+ µ2−σθ(ζ, µ, x). (3.5)
where for j = 0, 1, 2, i = 0, 1 i + j ≤ 2, the function µj ∂i+j∂ζi∂µj θ(ζ, µ, x) is bounded
uniformly on x ∈ Ω, all small µ and ζ, in compacts subsets of Ω. We recall that
Hλ is the function defined in (1.7).
Proof. Let us set D1(x) = µD0(µ−1(x− ζ)), so that D1 satisfies{ −∆D1 = λ [µ−1/2wζ,µ(x)− 4pi31/4Γ(x− ζ)] x ∈ Ω,
∂D1
∂ν ∼ µ3 logµ on ∂Ω, as µ→ 0.
Let us write S1(x) = µ
−1/2piζ,µ(x) + 4pi31/4Hλ(ζ, x) +D1(x). With the notation of
Lemma 3.1, this means
S1(x) = µ
2−σθ(µ, ζ, x).
Observe that for x ∈ ∂Ω, as µ→ 0,
∇(µ−1/2wζ,µ(x) + 4pi31/4Γ(x− ζ)) · ν ∼ µ2|x− ζ|−5.
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Using the above equations we find that S1 satisfies{ −∆S1 + λS1 = λD1 x ∈ Ω,
∂S1
∂ν = O(µ
3 logµ) on ∂Ω.
(3.6)
Observe that, for any p > 3,∫
Ω
|D1(x)|pdx ≤ µp+3
∫
R3
|D0(x)|pdx,
so that ‖D1‖Lp ≤ Cpµ1+3/p. Elliptic estimates applied to problem (3.6) yield that,
for any σ > 0, ‖S1‖∞ = O(µ2−σ) uniformly on ζ in compacts subsets of Ω. This
yields the assertion of the lemma for i, j = 0.
We consider now the quantity S2 = ∂ζS1. Observe that S2 satisfies{ −∆S2 + λS2 = λ∂ζD1 x ∈ Ω,
∂S2
∂ν = O(µ
3 logµ) on ∂Ω.
Observe that ∂ζD1(x) = −∇D0
(
x−ζ
µ
)
, so that for any p > 3,∫
Ω
|∂ζD1(x)|pdx ≤ µ3+p
∫
R3
|∇D0(x)|pdx
We conclude that ‖S2‖∞ = O(µ2−σ), for any σ > 0. This gives the proof of the
lemma for i = 1, j = 0. Now we consider S3 = µ∂µS1. Then{ −∆S3 + λS3 = λµ∂µD1 x ∈ Ω,
∂S3
∂ν = O(µ
3 logµ) on ∂Ω.
Observe that
µ∂µD1(x) = µ(D0 −D0)
(
x− ζ
µ
)
,
where D0(z) = ∇D0(z) · z. Thus, similarly as the estimate for S1 itself we obtain
‖S3‖∞ = O(µ2−σ), for any σ > 0. This yields the assertion of the lemma for i = 0,
j = 1. The proof of the remaining estimates comes after applying again µ∂µ to the
equations obtained for S2 and S3 above, and the desired result comes after exactly
the same arguments. This concludes the proof. 
Classical solutions to (1.1) correspond to critical points of the energy functional
(2.10). If there was a solution very close to Uζ∗,µ∗ for a certain pair (ζ
∗, µ∗), then we
would formally expect Eλ to be nearly stationary with respect to variations of (ζ, µ)
on Uζ,µ around this point. It seems important to understand critical points of the
functional (ζ, µ) → Eλ(Uζ,µ). In the following lemma we find explicit asymptotic
expressions for this functional.
Lemma 3.2. For any σ > 0, as µ→ 0, the following expansion holds
Eλ(Uζ,µ) = a0 + a1µgλ(ζ)− a2µ2λ− a3µ2g2λ(ζ) + µ3−σθ(ζ, µ) (3.7)
where for j = 0, 1, 2, i = 0, 1, i + j ≤ 2, the function µj ∂i+j∂ζi∂µj θ(ζ, µ) is bounded
uniformly on all small µ and ζ in compact subsets of Ω. The ai’s are explicit positive
constants, given by relation (3.11) bellow.
Proof. Observe that
Eλ(Uζ,µ) = I + II + III + IV + V + VI,
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where
I =
∫
Ω
(
1
2
|∇wζ,µ|2 − 1
6
w6ζ,µ
)
, II =
∫
Ω
(∇wζ,µ · ∇piζ,µ − w5ζ,µpiζ,µ) ,
III =
1
2
∫
Ω
[|∇piζ,µ|2 + λ(wζ,µ + piζ,µ)piζ,µ] ,
IV =
λ
2
∫
Ω
(wζ,µ + piζ,µ)wζ,µ, V = −5
2
∫
Ω
w4ζ,µpi
2
ζ,µ,
VI = −1
6
∫
Ω
[
(wζ,µ + piζ,µ)
6 − w6ζ,µ − 6w5ζ,µpiζ,µ − 15w4ζ,µpi2ζ,µ
]
.
Multiplying equation −∆wζ,µ = w5ζ,µ by wζ,µ and integrating by parts in Ω we
obtain
I =
1
2
∫
∂Ω
∂wζ,µ
∂ν
wζ,µ +
1
3
∫
Ω
w6ζ,µ
=
1
2
∫
∂Ω
∂wζ,µ
∂ν
wζ,µ +
1
3
∫
R3
w6ζ,µ −
1
3
∫
R3\Ω
w6ζ,µ.
Now, testing the same equation against piζ,µ, we find
II =
∫
∂Ω
∂wζ,µ
∂ν
piζ,µ = −
∫
∂Ω
∂piζ,µ
∂ν
piζ,µ,
where we have used the fact that piζ,µ solves problem (3.1). Testing the equation
−∆piζ,µ + λpiζ,µ = −λwζ,µ against piζ,µ and integrating by parts in Ω, we get
III =
1
2
∫
∂Ω
∂piζ,µ
∂ν
piζ,µ.
Testing equation −∆wζ,µ = w5ζ,µ against Uζ,µ = wζ,µ + piζ,µ and integrating by
parts twice, we obtain
IV =
1
2
∫
∂Ω
∂piζ,µ
∂ν
piζ,µ − 1
2
∫
∂Ω
∂wζ,µ
∂ν
wζ,µ − 1
2
∫
Ω
w5ζ,µpiζ,µ.
From the mean value formula, we get
VI = −10
∫ 1
0
ds(1− s)2
∫
Ω
(wζ,µ + spiζ,µ)
3pi3ζ,µ.
Adding up the previous expressions we get so far
Eλ(Uζ,µ) =
1
3
∫
R3
w6ζ,µ −
1
2
∫
Ω
w5ζ,µpiζ,µ −
5
2
∫
Ω
w4ζ,µpi
2
ζ,µ +R1, (3.8)
where
R1 = −1
3
∫
R3\Ω
w6ζ,µ − 10
∫ 1
0
ds(1− s)2
∫
Ω
(wζ,µ + spiζ,µ)
3pi3ζ,µ. (3.9)
We will expand the second integral term of expression (3.8). Using the change of
variable x = ζ + µz and calling Ωµ = µ
−1(Ω− ζ), we find that
A1 =
∫
Ω
w5ζ,µpiζ,µdx = µ
∫
Ωµ
w50,1(z)µ
−1/2piζ,µ(ζ + µz)dz.
From Lemma 3.1, we have the expansion
µ−1/2piζ,µ(ζ + µz) = −4pi31/4Hλ(ζ + µz, ζ)− µD0(z) + µ2−σθ(ζ, µ, ζ + µz).
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According to Lemma 2.1,
Hλ(ζ + µz, ζ) = gλ(ζ)− λ
8pi
µ|z|+ Θ(ζ, ζ + µz),
where Θ is a function of class C2 with Θ(ζ, ζ) = 0. Using this fact , we obtain
A1 = −4pi31/4µgλ(ζ)
∫
R3
w50,1(z)dz − µ2
∫
R3
w50,1(z)
[
D0(z)− 3
1/4
2
λ|z|
]
dz +R2
with
R2 =µ
∫
Ωµ
w50,1(z)[Θ(ζ, ζ + µz) + µ
2−σθ(ζ, µ, ζ + µz)]dz (3.10)
+ µ2
∫
R3\Ωµ
w50,1(z)
[
D0(z)− 3
1/4
2
λ|z|
]
dz + 4pi31/4µgλ(ζ)
∫
R3\Ωµ
w50,1(z)dz.
Let us recall that −∆D0 = 31/4λ
[
1√
1+|z|2 −
1
|z|
]
, so that,
−
∫
R3
w50,1D0(z) =
∫
R3
∆w0,1D0(z)
=
∫
R3
w0,1∆D0(z) = 31/4λ
∫
R3
w0,1
[
1
|z| −
1√
1 + |z|2
]
.
Combining the above relations we get
A1 =− 4pi31/4µgλ(ζ)
∫
R3
w50,1(z)dz
− µ2λ31/4
∫
R3
[
w0,1(z)
(
1√
1 + |z|2 −
1
|z|
)
− 1
2
w50,1|z|
]
dz +R2.
Let us consider now A2 =
∫
Ω
w4ζ,µpi
2
ζ,µ. We have
A2 =µ
∫
Ωµ
w40,1(z)pi
2
ζ,µ(ζ + µz)dz
=µ2
∫
Ωµ
w40,1(z)
[
−4pi31/4Hλ(ζ + µz, ζ)− µD0(z) + µ2−σθ(ζ, µ, ζ + µz)
]2
dz,
which we expand as
A2 = µ
2g2λ(ζ)16pi
231/2
∫
R3
w40,1 +R3.
Combining relation (3.8) with the above expressions, we get so far
Eλ(Uζ,µ) = a0 + a1µgλ(ζ)− a2λµ2 − a3µ2g2λ(ζ) +R1 −
1
2
R2 − 5
2
R3,
where
a0 =
1
3
∫
R3
w60,1, a1 = 2pi3
1/4
∫
R3
w50,1, a3 = 40pi
231/2
∫
R3
w40,1
a2 =
31/4
2
∫
R3
[
w0,1(z)
(
1
|z| −
1√
1 + |z|2
)
+
1
2
w50,1|z|
]
dz.
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An explicit computation shows that
a0 =
1
4
√
3pi2, a1 = 8
√
3pi2, a2 =
√
3pi2, a3 = 120
√
3pi4. (3.11)
Finally, we want to establish the estimate µj ∂
i+j
∂ζi∂µjRl = O(µ3−σ), for each j =
0, 1, 2, i = 0, 1, i + j ≤ 2, l = 1, 2, 3, uniformly on all small µ and ζ in compact
subsets of Ω. Arguing as in the proof of Lemma 2.1 in [11] we get the validity of
the previous estimates. This concludes the proof. 
4. Critical single-bubbling
The purpose of this section is to establish that in the situation of Theorem 2 there
are critical points of Eλ(Uµ,ζ) which persist under properly small perturbations of
the functional. As we shall rigorously establish later, this analysis does provide
critical points of the full functional Eλ, namely solutions of (1.1), close to a single
bubble of the form Uµ,ζ .
Let us suppose the situation (a) of local maximizer:
0 = sup
x∈
gλ0(x) > sup
x∈∂
gλ0(x) .
Then for λ close to λ0, λ > λ0, we have
sup
x∈
gλ(x) > A (λ− λ0), A > 0.
Let us consider the shrinking set
Dλ =
{
y ∈ : gλ(x) > A
2
(λ− λ0)
}
.
Assume λ > λ0 is sufficiently close to λ0 so that gλ =
A
2 (λ− λ0) on ∂Dλ.
Now, let us consider the situation of Part (b). Since gλ(ζ) has a non-degenerate
critical point at λ = λ0 and ζ = ζ0, this is also the case at a certain critical point
ζλ for all λ close to λ0 where |ζλ − ζ0| = O(λ− λ0).
Besides, for some intermediate point ζ˜λ,
gλ(ζλ) = gλ(ζ0) +Dgλ(ζ˜λ)(ζλ − ζ0) ≥ A(λ− λ0) + o(λ− λ0)
for a certain A > 0. Let us consider the ball Bλρ with center ζλ and radius ρ (λ−λ0)
for fixed and small ρ > 0. Then we have that gλ(ζ) >
A
2 (λ− λ0) for all ζ ∈ Bλρ . In
this situation we set Dλ = Bλρ .
It is convenient to make the following relabeling of the parameter µ. Let us set
µ ≡ a1
2 a2
gλ(ζ)
λ
Λ , (4.1)
where ζ ∈ Dλ, and a1, a2 are the constants introduced in (3.7). We have the
following result.
Lemma 4.1. Assume the validity of one of the conditions (a) or (b) of Theorem
2, and consider a functional of the form
ψλ(Λ, ζ) = Eλ(Uµ,ζ) + gλ(ζ)
2 θλ(Λ, ζ) (4.2)
where µ is given by (4.1) and
|θλ|+ |∇θλ|+ |∇∂Λθλ| → 0, as λ ↓ λ0 (4.3)
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uniformly on ζ ∈ Dλ and Λ ∈ (δ, δ−1). Then ψλ has a critical point (Λλ, ζλ) with
ζλ ∈ Dλ, Λλ → 1.
Proof. Using the expansion for the energy with µ given by (4.1) we find now that
ψλ(Λ, ζ) ≡ Eλ(Uζ,µ)+gλ(ζ)2 θλ(Λ, ζ) = a0+ a
2
1
4 a2
gλ(ζ)
2
λ
[
2 Λ− Λ2]+gλ(ζ)2 θλ(Λ, ζ)
(4.4)
where θλ satisfies property (4.3). Observe then that ∂Λψλ = 0 if and only if
Λ = 1 + o(1) θλ(Λ, ζ) , (4.5)
where θλ is bounded in C
1-sense, as λ ↓ λ0. This implies the existence of a unique
solution close to 1 of this equation, Λ = Λλ(ζ) = 1 + o(1) with o(1) small in C
1
sense, as λ ↓ λ0. Thus we get a critical point of ψλ if we have one of
pλ(ζ) ≡ ψλ(Λλ(ζ), ζ) = a0 + c gλ(ζ)2 [1 + o(1)] (4.6)
with o(1) → 0 as λ ↓ λ0 in C1-sense and c > 0. In the case of Part (a), i.e. of the
maximizer, it is clear that we get a local maximum in the region Dλ and therefore
a critical point.
Let us consider the case (b). With the same definition for pλ as above, we have
∇pλ(ζ) = 2cgλ(ζ)
[
∇gλ + o(1) gλ
]
. (4.7)
Consider a point ζ ∈ ∂Dλ = ∂Bλρ . Then |∇gλ(ζ)| = |D2gλ(x˜)(ζ−ζλ)| ≥ αρ(λ−λ0),
for some α > 0, when λ is close to λ0. We also have gλ(ζ) = O(λ− λ0), as λ ↓ λ0.
We conclude that for all t ∈ (0, 1), the function ∇gλ + t o(1) gλ does not have zeros
on the boundary of this ball, provided that λ−λ0 is small. In conclusion, its degree
on the ball is constant along t. Since for t = 0 is not zero, thanks to non-degeneracy
of the critical point ζλ, we conclude the existence of a zero of ∇pλ(ζ) inside Dλ.
This concludes the proof. 
5. The linear problem
Hereafter we will look for a solution of (2.11) of the form v = V + φ, so that φ
solves the problem {
L(φ) = N(φ) + E in Ωε,
∂φ
∂ν = 0 on ∂Ωε,
(5.1)
where
L(φ) = −∆φ+ ε2λφ− 5V 4φ, N(φ) = (V + φ)5 − V 5 − 5V 4φ, E = V 5 −w5ζ′,µ′ .
Here V is defined as Uζ,µ(x) =
1
ε1/2
V
(
x
ε
)
, where Uζ,µ is given by (3.2), while
ζ ′ = ε−1ζ, and µ′ = ε−1µ.
Let us recall that the only bounded solutions of the linear problem
∆z + 5w4ζ′,µ′z = 0, in R3
are given by linear combinations of the functions
zi(x) =
∂wζ′,µ′
∂ζ ′i
(x), i = 1, 2, 3, z4(x) =
∂wζ′,µ′
∂µ′
(x).
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In fact, the functions zi, i = 1, 2, 3, 4 span the space of all bounded functions of the
kernel of L in the case ε = 0. Observe also that∫
R3
zjzk = 0, if j 6= k.
Rather than solving (5.1) directly, we will look for a solution of the following
problem first: Find a function φ such that for certain numbers ci,
L(φ) = N(φ) + E +
∑4
i=1 ciw
4
ζ′,µ′zi in Ωε,
∂φ
∂ν = 0 on ∂Ωε,∫
Ωε
w4ζ′,µ′ziφ = 0 for i = 1, 2, 3, 4.
(5.2)
We next study the linear part of the problem (5.2). Given a function h, we consider
the linear problem of finding φ and numbers ci, i = 1, 2, 3, 4 such that
L(φ) = h+
∑4
i=1 ciw
4
ζ′,µ′zi in Ωε,
∂φ
∂ν = 0 on ∂Ωε,∫
Ωε
w4ζ′,µ′ziφ = 0 for i = 1, 2, 3, 4.
(5.3)
Given a fixed number 0 < σ < 1 we define the following norms
‖f‖∗ := sup
x∈Ωε
(1 + |x− ζ ′|σ)|f(x)|, ‖f‖∗∗ := sup
x∈Ωε
(1 + |x− ζ ′|2+σ)|f(x)|.
Proposition 5.1. There exist positive numbers δ0, ε0, α0, β0 and a constant C > 0
such that if
dist(ζ ′, ∂Ωε) >
δ0
ε
and α0 < µ
′ < β0, (5.4)
then for any h ∈ C0,α(Ωε) with ‖h‖∗∗ <∞ and for all ε < ε0, problem (5.3) admits
a unique solution φ = T (h) ∈ C2,α(Ωε). Besides,
‖T (h)‖∗ ≤ C‖h‖∗∗ and |ci| ≤ C‖h‖∗∗, i = 1, 2, 3, 4. (5.5)
For the proof of Proposition 5.1 we will need the next
Lemma 5.1. Assume the existence of a sequences (µ′n)n∈N, (ζ
′
n)n∈N, (εn)n∈N such
that α0 < µ
′
n < β0, dist(ζ
′
n, ∂Ωε) >
δ0
εn
, εn → 0 and for certain functions φn and
hn with ‖hn‖∗∗ → 0 and scalars cni , i = 1, 2, 3, 4, one has
L(φn) = hn +
∑4
i=1 c
n
i w
4
ζ′n,µ′n
zni in Ωεn ,
∂φn
∂ν = 0 on ∂Ωεn ,∫
Ωεn
w4ζ′n,µ′nz
n
i φn = 0 for i = 1, 2, 3, 4
where
zni = ∂(ζ′n)iwζ′n,µ′n , i = 1, 2, 3, z
n
4 = ∂µnwζ′n,µ′n
then
lim
n→∞ ‖φn‖∗ = 0
Proof. By contradiction, we may assume that ‖φn‖∗ = 1. We will proof first the
weaker assertion that
lim
n→∞ ‖φn‖∞ = 0.
Also, by contradiction, we may assume up to a subsequence that limn→∞ ‖φn‖∞ =
γ, where 0 < γ ≤ 1. Let us see that
lim
n→∞ c
n
i = 0, i = 1, 2, 3, 4.
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Up to subsequence, we can suppose that µ′n → µ′, where α0 ≤ µ′ ≤ β0. Testing the
above equation against znj (x) and integrating by parts twice we get the relation∫
Ωεn
L(znj )φn +
∫
∂Ωεn
∂znj
∂ν
φn =
∫
Ωεn
hnz
n
j +
4∑
i=1
cni
∫
Ωεn
w4ζ′n,µ′nz
n
i z
n
j .
Observe that∣∣∣∣∣
∫
Ωεn
L(znj )φn +
∫
∂Ωεn
∂znj
∂ν
φn −
∫
Ωεn
hnz
n
j
∣∣∣∣∣ ≤ C‖hn‖∗ + o(1)‖φn‖∗,∫
Ωεn
w4ζ′n,µ′nz
n
i z
n
j = Cδi,j + o(1).
Hence as n→∞, cni → 0, i = 1, 2, 3, 4.
Let xn ∈ Ωεn be such that supx∈Ωεn φn(x) = φn(xn), so that φn maximizes at
this point. We claim that there exists R > 0 such that
|xn − ζ ′n| ≤ R, ∀n ∈ N.
This fact follows immediately from the assumption ‖φn‖∗ = 1. We define φ˜n(x) =
φ(x + ζ ′n) Hence, up to subsequence, φ˜n converges uniformly over compacts of R3
to a nontrivial bounded solution of{
−∆φ˜− 5w40,µ′ φ˜ = 0 in R3,∫
R3 w
4
0,µ′ziφ˜ = 0 for i = 1, 2, 3, 4
where zi is defined in terms of µ
′ and ζ ′ = 0. Then φ˜ =
∑4
i=1 αizi(x). From the
orthogonality conditions
∫
R3 w
4
0,µ′ziφ˜ = 0, i = 1, 2, 3, 4, we deduce that αi = 0, i =
1, 2, 3, 4. This implies that φ˜ = 0, which is a contradiction with the hypothesis
limn→∞ ‖φn‖∞ = γ > 0.
Now we prove the stronger result: limn→∞ ‖φn‖∗ = 0. Let us observe that ζn
is a bounded sequence, so ζn → ζ, as n → ∞, up to subsequence. Let R > 0 be
a fixed number. Without loss of generality we can assume that |ζn − ζ| ≤ R/2,
for all n ∈ N and B(ζ,R) ⊆ Ω. We define ψn(x) = 1εσnφn
(
x
εn
)
, x ∈ Ω (here we
suppose without loss of generality that µn > 0, ∀n ∈ N). From the assumption
limn→∞ ‖φn‖∗ = 1 we deduce that
|ψn(x)| ≤ 1|x− ζn|σ , for x ∈ B(ζ,R).
Also, ψn(x) solves the problem{
−∆ψn + λψn = ε−(2+σ)n {5(ε1/2n Uζn,µn)4ψ + gn +
∑4
i=1 c
n
i ε
2
nw
4
ζn,µn
Zni } in Ω,
∂ψn
∂ν = 0 on ∂Ω,
where gn(x) = hn
(
x
εn
)
and Zni (x) = z
n
i
(
x
εn
)
. Since limn→∞ ‖hn‖∗∗ = 0, we know
that
|gn(x)| ≤ o(1) ε
2+σ
n
ε2+σn + |x− ζn|2+σ
, for x ∈ Ω.
Also, by (3.4), we see that
(ε1/2n Uζn,µn(x))
4 = Cε4n(1 + o(1))G(x, ζn) (5.6)
18 M. DEL PINO, M. MUSSO, C. ROMA´N, AND J. WEI
away from ζn. It’s easy to see that ε
−σ
n
∑4
i=1 c
n
i w
4
ζn,µn
Zi = o(1) as εn → 0, away
from ζn. We conclude (by a diagonal convergence method) that ψn(x) converges
uniformly over compacts of Ω \ {ζ} to ψ(x), a bounded solution of
−∆ψ + λψ = 0 in Ω \ {ζ}, ∂ψ
∂ν
= 0, on ∂Ω,
such that |ψ(x)| ≤ 1|x−ζ|σ in B(ζ,R). So ψ has a removable singularity at ζ, and
we conclude that ψ(x) = 0. This implies that over compacts of Ω \ {ζ}, we have
|ψn(x)| = o(1)εσn.
In particular, we conclude that for all x ∈ Ω\B(ζn, R/2) we have |ψn(x)| ≤ o(1)εσn,
which traduces into the following for φn
|φn(x)| ≤ o(1)εσn, for all x ∈ Ωεn \B(ζ ′n, R/2εn). (5.7)
Consider a fixed numberM , such thatM < R/2εn, for all n. Observe that ‖φn‖∞ =
o(1), so
(1 + |x|σ)|φn(x)| ≤ o(1), for all x ∈ B(ζ ′n,M). (5.8)
We claim that
(1 + |x|σ)|φn(x)| ≤ o(1), for all x ∈ Aεn,M , (5.9)
where Aεn,M = B(ζ
′
n, R/2εn) \B(ζ ′n,M). This assertion follows from the fact that
the operator L satisfies the weak maximum principle in Aεn,M (choosing a larger
M and a subsequence if necessary): If u satisfies L(u) ≤ 0 in Aεn,M and u ≤ 0 in
∂Aεn,M , then u ≤ 0 in Aεn,M . This result is just a consequence of the fact that
L(|x− ζ ′n|−σ) ≥ 0 in Aεn,M , if M is larger enough but independent of n.
We now prove (5.9) with the use of a suitable barrier. Observe that from (5.7)
we deduce the existence of η1n → 0, as n → 0 such that ε−σn |φn(x)| ≤ η1n, for all x
such that |x| = R/2εn. From (5.8) we deduce the existence of η2n → 0, as n → ∞
such that Mσ|φn(x)| ≤ η2n, for all x such that |x| = M . Also, there exists η3n → 0,
as n→∞ such that
|x+ ζ ′n|2+σ|L(φn)| ≤ η3n, in Aεn,M .
We define the barrier function ϕn(x) = ηn
1
|x−ζ′n|σ , with ηn = max{η
1
n, η
2
n, η
3
n}.
Observe that L(ϕn) = σ(1−σ)ηn 1|x−ζ′n|2+σ +(ε
2
nλ−5V 4)ηn 1|x−ζ′n|σ . It’s not hard to
see that |L(φn)| ≤ CL(ϕn) in Aµn,M and |φn(x)| ≤ Cϕn in ∂Aεn,M , where C is a
constant independent of n. From the weak maximum principle we deduce (5.9) and
the fact ‖φn‖∞ = o(1). From (5.7), (5.8), (5.9), and ‖φn‖∞ = o(1) we conclude
that ‖φn‖∗ = o(1) which is a contradiction with the assumption ‖φn‖∗ = 1. The
proof of Lemma (5.1) is completed. 
Proof of proposition 5.1. Let us consider the space
H =
{
φ ∈ H1(Ω)
∫
Ωε
w4ζ′,µ′ziφ = 0, i = 1, 2, 3, 4.
}
endowed with the inner product, [φ, ψ] =
∫
Ωε
∇φ∇ψ + ε2λ ∫
Ωε
φψ. Problem (5.3)
expressed in the weak form is equivalent to that of finding φ ∈ H such that
[φ, ψ] =
∫
Ωε
[
5V 4φ+ h+
4∑
i=1
ciw
4
ζ′,µ′zi
]
ψ, for all ψ ∈ H.
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The a priori estimate ‖T (h)‖∗ ≤ C‖h‖∗∗ implies that for h ≡ 0 the only solution
is 0. With the aid of Riesz’s representation theorem, this equation gets rewritten
in H in operational form as one in which Fredholm’s alternative is applicable, and
its unique solvability thus follows. Besides, it is easy to conclude (5.5) from an
application of Lemma (5.1). 
It is important, for later purposes, to understand the differentiability of the
operator T : h → φ, with respect to the variables µ′ and ζ ′, for a fixed ε (we only
let µ and ζ to vary). We have the following result
Proposition 5.2. Under the conditions of Proposition 5.1, the map T is of class
C1 and the derivative ∇ζ′,µ′∂µ′T exists and is a continuous function. Besides, we
have
‖∇ζ′,µ′T (h)‖∗ + ‖∇ζ′,µ′∂µ′T (h)‖∗+ ≤ C‖h‖∗∗.
Proof. Let us consider differentiation with respect to the variable ζ ′k, k = 1, 2, 3.
For notational simplicity we write ∂∂ζ′k
= ∂ζ′k . Let us set, still formally, Xk = ∂ζ′kφ.
Observe that Xk satisfies the following equation
L(Xk) = 5∂ζ′k(V
4)φ+
4∑
i=1
dkiw
4
ζ′,µ′zi +
4∑
i=1
ci∂ζ′k(w
4
ζ′,µ′zi), in Ωε.
Here dki = ∂ζ′kci, i = 1, 2, 3. Besides, from differentiating the orthogonality condi-
tions
∫
Ωε
w4ζ′,µ′zi = 0, i = 1, 2, 3, 4, we further obtain the relations∫
Ωε
Xkw
4
ζ′,µ′zi = −
∫
Ωε
φ∂ζ′k(w
4
ζ′,µ′zi), i = 1, 2, 3, 4.
Let us consider constants bi, i = 1, 2, 3, 4, such that∫
Ωε
(
Xk −
4∑
i=1
bizi
)
w4ζ′,µ′zj = 0, j = 1, 2, 3, 4.
These relations amount to
4∑
i=1
bi
∫
Ωε
wζ′,µ′zizj =
∫
Ωε
φ∂ζ′k(w
4
ζ′,µ′zj), j = 1, 2, 3, 4.
Since this system is diagonal dominant with uniformly bounded coefficients, we see
that it is uniquely solvable and that
bi = O(‖φ‖∗)
uniformly on ζ ′, µ′ in the considered region. Also, it is not hard to see that
‖φ∂ζ′k(V 4)‖∗∗ ≤ C‖φ‖∗.
From Proposition (5.5), we conclude∥∥∥∥∥
4∑
i=1
ci∂ζ′k(w
4
ζ′,µ′zi)
∥∥∥∥∥
∗∗
≤ C‖h‖∗∗.
We set X = Xk −
∑4
i=1 bizi, so X satisfies
L(X) = f +
4∑
i=1
bkiw
4
ζ′,µ′zi, in Ωε,
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where
f = 5∂ζ′k(V
4)φ
4∑
i=1
biL(zi) +
4∑
i=1
ci∂ζ′,µ′(w
4
ζ′,µ′zi)
Observe that also, ∫
Ωε
Xw4ζ′,µ′zi = 0, i = 1, 2, 3, 4.
This computation is not just formal. Indeed, one gets, as arguing directly by
definition shows,
∂ξ′kφ =
4∑
i=1
bizi + T (f), and ‖∂ξ′kφ‖∗ ≤ C‖h‖∗∗.
The corresponding result for differentiation with respect to µ′ follows similarly.
This concludes the proof. 
6. The nonlinear problem
We recall that our goal is to solve the problem (5.1). Rather than doing so
directly, we shall solve first the intermediate nonlinear problem (5.2) using the
theory developed in the previous section. We have the next result
Lemma 6.1. Under the assumptions of Proposition 5.1, there exist numbers ε1 > 0,
C1 > 0, such that for all ε ∈ (0, ε1) problem (5.2) has a unique solution φ which
satisfies
‖φ‖∗ ≤ C1ε.
Proof. First we assume that µ and ζ are such that ‖E‖∗∗ < ε1. In terms of the
operator T defined in Proposition (5.1), problem (5.2) becomes
φ = T (N(φ) + E) ≡ A(φ).
For a given γ > 0, let us consider the region Fγ := {φ ∈ C(Ωε) ‖φ‖∗ ≤ γ‖E‖∗∗}.
From Proposition (5.1), we get
‖A(φ)‖∗ ≤ C [‖N(φ)‖∗∗ + ‖E‖∗∗] .
The definition of N immediately yields ‖N(φ)‖∗∗ ≤ C0‖φ‖2∗. It is also easily checked
that N satisfies, for φ1, φ2 ∈ Fγ ,
‖N(φ1)−N(φ2)‖∗∗ ≤ C0γ‖E‖∗∗‖φ1 − φ2‖∗.
Hence for a constant C1 depending on C0, C, we get
‖A(φ)‖∗ ≤ C1
[
γ2‖E‖∗∗ + 1
] ‖E‖∗∗, ‖A(φ1)−A(φ2)‖∗ ≤ C1γ‖E‖∗∗‖φ1 − φ2‖∗.
Choosing γ = C1, ε1 =
1
2C21
, we conclude that A is a contraction mapping of Fγ ,
and therefore a unique fixed point of A exists in this region.
Assume now that µ′ and ζ ′ satisfy conditions (5.4). Recall that the error intro-
duced by our first approximation is
E = V 5 − w5ζ′,µ′ = (wµ′,ξ′(y) +
√
εpi(εy))5 − w5ζ′,µ′(y), y ∈ Ωε.
Using several times estimate (3.5), we get
‖E‖∗∗ = O
(‖√εpi(εy)wζ′,µ′(y)4‖∗∗) = O(∥∥∥∥ε µ′2(µ′2 + |y − ζ ′|2)2
∥∥∥∥
∗∗
)
= O(ε),
as ε→ 0. This concludes the proof of the Lemma. 
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We shall next analyze the differentiability of the map (ζ ′, µ′)→ φ.
We start computing the ‖ · ‖∗∗-norm of the partial derivatives of E with respect
to µ′ and ζ ′. Observe that
∂µ′wζ′,µ′ =
1
2
√
µ′
|y − ζ ′|2 − µ′2
(|y − ζ ′|2 + µ′2) 32 .
We derive E with respect to µ′ and deduce
‖∂µ′E‖∗∗ = O
(‖√εpi(εy)w3ζ′,µ′∂µ′wζ′,µ′‖∗∗)+O (‖ε 32w4ζ′,µ′∂µpi(εy)‖∗∗)
= O
(∥∥∥∥εµ′(|y − ζ ′|2 − µ′2)(µ′2 + |y − ζ2|)3
∥∥∥∥
∗∗
)
+O
(∥∥∥∥ε 32 µ′2(µ′2 + |y − ζ ′|2)2
∥∥∥∥
∗∗
)
= O(ε), as ε→ 0.
Note that
|∂ζ′iwζ′,µ′ | =
√
µ′|y − ζ ′|
(µ′2 + |y − ζ ′|2) 32 , for i = 1, 2, 3.
We derive E with respect to ζ ′i and deduce for i = 1, 2, 3
‖∂ζ′iE‖∗∗ = O
(‖√εpi(εy)w3ζ′,µ′∂ζ′iwζ′,µ′‖∗∗)+O (‖ε 32w4ζ′,µ′∂ζipi(εy)‖∗∗)
= O
(∥∥∥∥ε µ′2|y − ζ ′|(µ′2 + |y − ζ2|)3
∥∥∥∥
∗∗
)
+O
(∥∥∥∥ε 32 µ′2(µ′2 + |y − ζ ′|2)2
∥∥∥∥
∗∗
)
= O(ε), as ε→ 0.
Moreover, a similar computation shows that
‖∇ζ′,µ′∂µ′E‖∗∗ ≤ O(ε), as ε→ 0.
Collecting all the previous computations we conclude there exists a positive constant
C > 0 such that
‖E‖∗∗ + ‖∇ζ′,µ′E‖∗∗ + ‖∇ζ′,µ′∂µ′E‖∗∗ ≤ Cε.
Concerning the differentiability of the function φ(ζ ′), let us write
A(x, ϕ) = ϕ− T (N(ϕ) + E).
Observe that A(ζ ′, φ) = 0 and ∂φA(ζ ′, φ) = I + O(ε). It follows that for small ε,
the linear operator ∂φA(ζ
′, φ) is invertible, with uniformly bounded inverse. It also
depends continuously on its parameters. Differentiating respect to ζ ′ we obtain
∂ζ′A(ζ
′, φ) = −(∂ζ′T )(N(φ) + E)− T (∂ζ′N(φ) + ∂ζ′R).
where the previous expression depend continuously on their parameters. Hence the
implicit function theorem yields that φ(ζ ′) is a C1 function. Moreover, we have
∂ζ′φ = −(∂φA(ζ ′, φ))−1[∂ζ′A(ζ ′, φ)].
By Taylor expansion we conclude that
‖∂ζ′N(φ)‖∗∗ ≤ C(‖φ‖∗ + ‖∂ζ′φ‖∗)‖φ‖∗ ≤ C(‖E‖∗∗ + ‖∂ζ′φ‖∗)‖E‖∗∗.
Using Proposition (5.2), we have
‖∂ζ′φ‖∗ ≤ C(‖N(φ) + E‖∗∗ + ‖∂ζ′N(φ)‖∗∗ + ‖∂ζ′E‖∗∗),
for some constant C > 0. Hence, we conclude that
‖∂ζ′φ‖∗ ≤ C(‖E‖∗∗ + ‖∂ζ′E‖∗∗).
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A similar argument shows that, as well
‖∂µ′φ‖∗ ≤ C(‖E‖∗∗ + ‖∂µ′E‖∗∗),
and moreover
‖∇ζ′,µ′∂µ′φ‖∗ ≤ C(‖E‖∗∗ + ‖∇ζ′,µ′E‖∗∗ + ‖∇ζ′,µ′∂µ′E‖∗∗).
This can be summarized as follows.
Lemma 6.2. Under the assumptions of Proposition 5.1 and 6.1 consider the map
(ζ ′, µ′)→ φ. The partial derivatives ∇ζ′φ, ∇µ′φ, ∇ζ′,µ′∂µ′ exist and define contin-
uous functions of (ζ ′, µ′). Besides, there exist a constant C2 > 0, such that
‖∇ζ′,µ′φ‖∗ + ‖∇ζ′,µ′∂µ′φ‖∗ ≤ C2ε
for all ε > 0 small enough.
After Problem (5.1) has been solved, we will find solutions to the full problem
(5.2) if we manage to adjust the pair (ζ ′, µ′) in such a way that ci(ζ ′, µ′) = 0,
i = 1, 2, 3, 4. This is the reduced problem. A nice feature of this system of equations
is that it turns out to be equivalent to finding critical points of a functional of the
pair (ζ ′, µ′) which is close, in appropriate sense, to the energy of the single bubble
U .
7. Final argument.
In order to obtain a solution of (1.1) we need to solve the system of equations
cj(ζ
′, µ′) = 0 for all j = 1, . . . , 4 . (7.1)
If (7.1) holds, then v = V + φ will be a solution to (5.1). This system turns out to
be equivalent to a variational problem. We define
F (ζ ′, µ′) = Eε(V + φ),
where φ = φ(ζ ′, µ′) is the unique solution of (5.2) that we found in the previous
section, and Eε is the scaled energy functional
Eε(U) =
1
2
∫
Ω
|∇U |2 + ε
2λ
2
∫
Ω
|U |2 − 1
6
∫
Ω
|U |6.
Observe that Eλ(Uζ′,µ′) = Eε(V ).
Critical points of F correspond to solutions of (7.1), under the assumption that
the error E is small enough.
Lemma 7.1. Under the assumptions of Propositions 5.1 and 6.1, the functional
F (ζ ′, µ′) is of class C1 and for all ε sufficiently small, if ∇F = 0 then (ζ ′, µ′)
satisfies system (7.1).
Proof. Let us differentiate with respect to µ′.
∂µ′F (ζ
′, µ′) = DEε(V + φ)[∂µ′V + ∂µ′φ] =
4∑
j=1
∫
Ωε
cjw
4
ζ′,µ′zj [∂µ′V + ∂µ′φ].
From the results of the previous section, we deduce ∂µ′F is continuous. If ∂µ′F (ζ
′, µ′) =
0, then
4∑
j=1
∫
Ωε
cjw
4
ζ′,µ′zj [∂µ′V + ∂µ′φ] = 0.
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Since ‖∂µ′‖∗ ≤ C(‖E‖∗∗ + ‖∂µ′E‖∗∗), we have, as ε→ 0, ∂µ′V + ∂µ′φ = z4 + o(1),
with o(1) small in terms of the ∗ ∗ −norm as ε→ 0. Similarly, we check that ∂ζ′kF
is continuous,
∂ζ′kF (ζ
′, µ′) = DEε(V + φ)[∂ζ′kV + ∂ζ′kφ] =
4∑
j=1
∫
Ωε
cjw
4
ζ′,µ′zj [∂ζ′kV + ∂ζ′kφ] = 0,
and ∂ζ′kV + ∂ζ′kφ = zk + o(1), for k = 1, 2, 3.
We conclude that if ∇F = 0 then
4∑
j=1
∫
Ωε
w4ζ′,µ′zj [zi + o(1)] = 0, i = 1, 2, 3, 4,
with o(1) small in the sense of ∗ ∗ −norm as ε→ 0. The above system is diagonal
dominant and we thus get cj = 0 for all j = 1, 2, 3, 4. 
In the following Lemma we find an expansion for the functional F .
Lemma 7.2. Under the assumptions of Propositions 5.1 and 6.1, the following
expansion holds
F (ζ ′, µ′) = Eε(V ) + [‖E‖∗∗ + ‖∇ζ′,µ′E‖∗∗ + ‖∇ζ′,µ′∂µ′E‖∗∗] θ(ζ ′, µ′),
where θ satisfies
|θ|+ |∇ζ′,µ′θ|+ |∇ζ′,µ′∂µ′θ| ≤ C,
for a positive constant C.
Proof. Using the fact that DF (V + φ)[φ] = 0, a Taylor expansion gives
F (V + φ)− F (V ) =
∫ 1
0
D2F (V + tφ)[φ, φ](1− t)dt
=
∫ 1
0
(∫
Ωε
[N(φ) + E]φ+
∫
Ωε
5
[
V 4 − (V + tφ)4]φ2) (1− t)dt.
Since ‖φ‖∗ ≤ C‖E‖∗∗, we get
F (V + φ)− F (V ) = O(‖E‖2∗∗).
Observe that
∇ζ′,µ′ [F (V + φ)− F (V )]
=
∫ 1
0
(∫
Ωε
∇ζ′,µ′ [(N(φ) + E)φ] +
∫
Ωε
5∇ζ′,µ′
[(
V 4 − (V + tφ)4)φ2]) (1− t)dt.
Since ‖∇ζ′,µ′φ‖∗ ≤ C[‖E‖∗∗ + ‖∇ζ′,µ′E‖∗∗], we easily see that
∇ζ′,µ′ [F (V + φ)− F (V )] = O(‖E‖2∗∗ + ‖∇ζ′,µ′E‖2∗∗).
A similar computation yields the result. 
We have now all the elements to prove our main result.
Proof of Theorem 2. We choose
µ =
a1gλ(ζ)
2a2λ
Λ,
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where ζ ∈ Dλ. A similar computation to the one performed in the previous section,
based in the estimate (3.5), allows us to show that
‖E‖∗∗ + ‖∇ζ′,µ′E‖∗∗ + ‖∇ζ′,µ′∂µ′E‖∗∗ ≤ Cµ 12 ε 12 δλ,
where δλ = supDλ(|gλ|+ |∇gλ|). Since α0 < µ′ < β0, we have
F (ζ ′, µ′) = Eε(V ) + µ2δ2λθ(ζ
′, µ′),
with |θ|+ |∇ζ′,µ′θ|+ |∇ζ′,µ′∂µ′θ| ≤ C. We define ψλ(Λ, ζ) = F (ζ ′, µ′). We conclude
that
ψλ(Λ, ζ) = Eλ(Uζ,µ) + gλ(ζ)
2θλ(ζ,Λ),
where θλ is as in Lemma 4.1. Thus, ψλ has a critical point as in the statement
of Lemma 4.1. This concludes the proof of our main result, with the constant
γ = a12a2 . 
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